On minimal vertices and the degrees of irreducible characters  by Cline, Ed
IOURNAL OF ALGEBRA 24, 379-385 (1973) 
On Minimal Vertices and the Degrees of 
Irreducible Characters* 
ED CLINE 
Department of Mathematics, University of Minnesota, Minneapolis, Minnesota 55455 
Communicated by Walter Feit 
Received October 19, 1971 
1. INTRODUCTION 
Let 0 be a valuation ring whose field of fractions A’” is algebraically closed 
of characteristic zero. Let 9 be the maximal ideal of Q and assume the residue 
class field O/P has characteristic p > 0. 0/P is also algebraically closed, and 
the Krull-Schmidt theorem holds for CO(G)-modules where G is a finite 
group [3, (1.15)]. One of the results of the first two papers [5, 61 of Green 
on vertices and sources yields a lower approximation to the p-part of the 
degree of an indecomposable O(G)-module M in terms of the vertex of M 
(we remark that the validity of the Krull-Schmidt theorem allows one to do 
the theory of [5-71 under our hypothesis, even though the ring 0 may not 
be complete). Since the degrees of the indecomposable Lo(G)-modules are 
unbounded in general, there is no hope that the converse to this theorem 
holds. If, however, X is an irreducible Zcharacter of G, its degreeX( 1) divides 
the order of G. Thus if one restricts oneself to O(G)-modules M affording X, 
the question of the existence of a converse to Green’s theorem is not un- 
reasonable, and in fact, it appears in Chapter IV of [4] roughly as follows: 
(1) If x is an irreducible k-character of G, does there exist an B(G)-module 
M, aflording x, and having vertex B such that if P = S,(G) > B, then the 
index [P : B] is equal to the p-part of x(l), x(l),, ? 
The object of this paper is to show that, in general, the answer to (1) is no. 
Let J&‘~ denote the collection of C”(G)-modules which afford X, and “y; denote 
the collection of vertices of the elements of J&‘~ , then the best possible 
approximation to X(l), by the above method is 
a, = max{l G 1,/l B 1 / BE “tT,>. 
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Our main theorem (Theorem 2.8) computes 01~ in terms of the subgroup 
structure of G under the following very restrictive conditions: G contains 
a normal p-subgroup H such that xx is irreducible. 
1. PRELIMINARY RESULTS ON VERTICES 
In this section, we prove some basic facts about vertices, and introduce 
some notation. The notation and hypotheses used in the introduction will 
be retained throughout; most other notation is standard. If  L is a group, 
H < K < L, and M is an LO(K)-module, then ML and MH denote the induced 
and restricted modules respectively. I f  N is an LO(L)-module, ‘$3(N) denotes 
the collection of subgroups K of L for which N is K-projective in the sense 
of [5]. I f  N’ is a second O(L)-module, then N’ 11 N means N’ is isomorphic 
to a direct summand of N. Let F and K be subgroups of L; F GL K means 
F is L-conjugate to a subgroup of K, and a similar definition holds for 
F = L K. If  K < L, M is an Q(K)-module, and x EL, then the U(K”)-module, 
Mx is defined by letting K” act on the additive group of M via 
m * s = m(P) for all s E Kx, m EM. 
Finally, in all our discussion, all @-modules will be free and finitely generated, 
and G will denote a fixed finite group with normal subgroup H. 
LEMMA 1.1. If V is an O( G)-module whose restriction V, is indecomposable, 
with vertex B < H, then No(B)H = G. 
Proof. I f  x E G, the definition of K-projectivity yields 
WVHP = {Y” I YE WV*)> = rp((v‘YY)~ 
Since V, is G-stable, and since !J3( V,) depends only on the isomorphism 
class of V, , ‘$(V,) is G-invariant. As minimal elements of ‘$(V,), the 
vertices of V, are permuted by G. Since H is transitive on this set, the 
Frattini argument completes the proof. 
LEMMA 1.2. Let V be an O(G)-module such that V, is indecomposable. 
If B is a vertex of V in G, then BH/H is a S,-subgroup of G/H. 
Proof. I f  P is a S,-subgroup of G, VP,, is indecomposable, and Higman’s 
theorem [5] yields V Ii( V,,)G. It follows [5, Theorem 61 that if B’ is a vertex 
of VFW, then B’ =G B; hence it suffices to show if B’ < P, then B’H = PH. 
Since B’H is subnormal of index a power of p, and since our hypothesis 
on 0 makes Vg, absolutely indecomposable, a theorem of Green and 
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Conlon [I, 5, 61 yields (V,fH)” is indecomposable. Since VP, is B’H- 
projective, VP, li( VB,H)pH, so our preceeding statement implies 
(1.3) VP, E! (V&p. 
Comparison of O-ranks on both sides of (1.3) implies PH = B’H. 
LEMMA 1.4. Let M be an O(H)-module aflording an irreducible character v  
of H. Let x be a character of G such that xH = p There exists an O(G)-module 
V aflording x and such that V, rv M ;sf the isomorphism class of M is G-stable. 
If V exists, it is unique up to U(G)-isomorphism. 
Proof. The “only if” part is obvious. Assume the isomorphism class of 
M is G-stable. Let W = M oO X, then W is a X(H)-module affording v  
and by hypothesis we can extend this X(H)-action to a X(G)-action so 
that W affords x. 
Let i@ = M @ 1, and let x E G. By hypothesis, %‘x N i@ as U(H)- 
modules. Since W, is absolutely irreducible, there exists an element /I of ,X 
such that 
ii#x = ii@. 
If Q = {a E homx( W, W)l i’@a C @} is the maximal O-order in horn&W, W) 
associated with i@, there is an element p of Q such that x, = & where 
x, : w -+ wx for w E W. Let n be the order of x, then (xr)” = 1 w implies 
p”fl” = lw , hence 
and it follows that /P. 1 w is a unit in Q, hence /3 is a unit in Lo, and ax = i@. 
Since iI? is G-invariant, it is the required extension. 
Suppose M* is a second extension. We may assume M* C W since W 
contains a representative of every O(G)-isomorphism class of modules 
affording X. Since (M*), N i@ as O(H)-modules, there is a X in X such that 
M*h = i@. The map m* + m*h is the required O(G)-isomorphism. 
2. MAIN RESULTS 
Now assume His ap-group, and x is a X-character of G such that xH = y  
is irreducible. 
PROPOSITION 2.1. Let V be an O(G)-module affording x and having vertex 
B. Let V, have vertex B, , then 
BnH=,B,. 
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Proof. Let S be a source of V on B, then V 11 SC and Mackey’s theorem 
implies 
VH Ii (SC), = C 0 (%H)~, 
s6GIBH 
where G/BH denotes a transversal for BH in G. Thus V, is BT n H- 
projective for some r in G and B n H > B, . 
By Lemma 1.1, NG(B,)H = G. Let / be the [unique up to isomorphism] 
o(NH(B,)-module satisfying 
(2.2a) J has vertex B, , 
(2.2b) J 11 vN.y,Bl, . 
The uniqueness of J implies / is No(B,)-stable. Let S be a source for J on 
B, . For x E NG(BJ, Sx is a source of J” ‘v _T. By [5, Theorem 51, S” P SY 
for some y  E NH(B1). The Frattini argument shows 
(2.3) YN,(B,) = NG(B1), 
where Y is the stabilizer of S in NG(B1). Let [ be the character of S. Our 
hypothesis on 0 implies S is absolutely indecomposable. By the 
Green-Conlon theorem, SH is indecomposable hence VH E SH. Hence 
(2.4) tH = 91 
and both [ and gYnH are irreducible. Since Y stabilizes S, it stabilizes 6, 
hence 
1 = ((Y”H, tynH) = (& (fYnH)Bl) = [Y n H : B,] 
and YnH=B,. 
Because of (2.4), the hypotheses of [2, (O-4)] hold. Since xH = T’, the 
central extension G(q) of [2] splits, hence by [2, (0.411, so does the central 
extension Y(t). This implies the existence of a character t* of Y whose 
restriction to B, is 5. By Mackey’s theorem ((t*)“)* = y, hence there is a 
linear character h of G/H such that X(([*)G) = x. Hence (X,e*)G = x and 
E+ = A&* is a character of Y satisfying 
(2.5a) t+” = x, 
(2.5b) t’,H = tic, = E. 
Since S is Y-stable, Lemma 1.4 yields an O(Y)-module S+ affording f+ 
such that (St), y  S. Now (2.5) implies (S+)G affords x, and Mackey’s 
theorem shows ((S+)‘)H N VH . By Lemma 1.4, 
(S+)G N v; 
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hence B, the vertex of V, is G-conjugate to a subgroup of Y. Thus 
BnH<,-YnH=B, 
and the proof is complete. 
In view of the above remarks, the following objects are relevant: 
DEFINITION 2.6. Let ext(x, y) be the collection of G-stable O(H)-modules 
U affording v. Let V(x, v) be the collection of vertices of elements of 
ext(X, v). Finally let II(F) be the collection of subgroups K of H satisfying 
(2.7a) No(K) covers G/H; 
(2.7b) there is an irreducible character p on K such that the stabilizer 
in N,(K) of p covers No(K)I and @ = v. 
Remarks. Lemma 1.4 shows ext(x, y) to be the collection of O(H)-modules 
U which afford v and extend to G. If U* is the extension of such a U which 
affords x, let P be a SD-subgroup of G containing a vertex B* of U*:, and let 
B be a vertex of U. Lemma 1.2 and Proposition 2.1 imply 
hence, 
[P: B*] = [H: B]; 
01~ = max{[H : B] 1 B E V(x, y)}. 
Our main theorem is 
THEOREM 2.8. The minimal elements of H(v) coincide with the minimal 
elements of V-(x, q2). 
Proof. By (2.Q V(x, v) C H(v). SUPP ose B is minimal in II(y), it suffices 
to show B E V(,, rp). 
Let p be the character of B satisfying (2.7), and let Y be its stabilizer in 
N,(B). By Lemma 1.1, Y covers G/H, and by (2.7), pH = v. Since v is 
irreducible, Y n H = B, and the argument of Proposition 2.1 yields a 
character p+ of Y satisfying 
(P+)G = x and ctC+h7 = P, 
Let St be an B(Y)-module affording p+, then (S+)G affords X, and (S+)g 
affords p. We claim S = (S+)B has vertex B. Suppose that it does not and 
its vertex B’ is properly contained in B. Then the vertex 8 of SH satisfies 
B GH B’ < B. But Mackey’s theorem implies 
((St)‘),, ?! sH; 
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so B lies in r(x, p)). Since V(x, p’) C H(v), this contradicts the minimality 
of B, hence B is the vertex of S, and B =H B. Now B E V(x, p’) as required. 
COROLLARY 2.9. 01~ = max{[H : B] 1 B E kI(y)}. 
COROLLARY 2.10. Let B, be an element of 9’Q, v) such that [H : B,,] = CQ ,
and let p be a character of B, satisfying (2.7). Then there is a subgroup B, of B, , 
and a linear character h on B, such that 
and 
8, = (BP I x E StabNo(i 
Proof. Let B, < B, , X be any pair (B, , h) such that h is linear on B, . 
and hBo = p. We assert (B, , h) works. Since B, is minimal in y-(x, v), it 
suffices to show that if the normal closure of B, with respect to StabN,(B,)(p) 
(which we denote by B,) is properly contained in B, , then there exists an 
element B, of &I(v) properly contained in B, . Let Y denote the stabilizer 
in No(B,,) of p. Let N be maximal with respect to the property that N is 
Y-invariant, properly contained in B, , normal in B, , and contains B, . 
Since B, is Y-invariant and subnormal in B, , such a group exists. Then 
p1 = hN is irreducible, and p = pp It follows that 
is a sum of distinct irreducible characters. By the Frattini argument, the 
stabilizer of pL1 in N,(N) covers Y/B, hence covers No(B)I and 
NEEI(~JI) as required. 
Remarks. Applying the corollary to the character x of degree 2 of SL(2, 3) 
provides an explicit counter example to (1) when O/S has characteristic 2. 
The hypothesis on the base ring 0 can be replaced by the assumption that 
the relevant indecomposable O(H)-modules be absolutely indecomposable. 
Then to push the proof through one would need to show that the associated 
modules were also absolutely indecomposable (in order to apply the Green- 
Conlon theorem). A proof this latter result was shown me by Professor Dade, 
so the above results remain true under the more general conditions. 
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